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Model Predictive Control

TECHNICAL OVERVIEW

Excerpted from: Wade, H.L., Basic and Advanced Regulatory Control: System Design and
Application. ISA, 2004. Used by permission.

INTRODUCTION

Model predictive control (MPC) uses a sampled data form of process model to predicted future
values of a process variable, based upon past values of controlled inputs (controller outputs). The
predicted values are compared with future values of the set point to calculate predicted future
error values, as well as a prediction of future encroachment on constraints. From these
predictions, a sequence of controller output values is calculated which will minimize some
function of the predicted error as well as avoid encroaching upon the constraint. Model
predictive control is usually (but not always) applied to multiple-input, multiple-output
processes, subject to numerous disturbances and dynamically varying constraints. The
technology thus encompasses feedback, feedforward, decoupling and constraint control in one
comprehensive package.

We will present here the essence of MPC, first for a simple single-input, single-output processes,
both in mathematical terms and in graphical form. Then we will indicate how it can be extended
to multiple-input, multiple-output applications. Later we will discuss additional issues regarding
MPC. This material is excerpted from the referenced cited under the title, where additional
details may be found:

For greater depth of coverage, see
Camancho, E. F, and C. Bordons, Model Predictive Control. Springer-Verlag, 1999.
Rossier, J. A., Model-Based Predictive Control, A Practical Approach. CRC Press, 2003.
To be consistent with terminology used in the MPC literature, we will use the terms “process
variable,” “control variable” and “CV” interchangeably. Likewise “process input,” “controller

output,” “manipulated variable” and “MV” are interchangeable, as are “disturbance variable”
and “DV.” Auxiliary variables, usually associated with constraints, are termed “AVs.”
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SYMBOLS USED

v column vector of n elements (Size of visn X 1.)

v row vector. (Superscript T indicates transpose of the vector.)
Vi i"™ element of vector v. i = 1,2, ..., n.

P matrix of n rows and m columns (Size of P is n X m.)

P’ transpose of matrix P. (Size of P’ is m x n.)

Pij element of matrix P, in the it row, jth column

X actual value of a controlled variable

X predicted value of a controlled variable

CV controlled variables
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MV  manipulated variables

DV  disturbance variables

AV  auxiliary variables

K control horizon (number of future samples to calculate control moves)
N prediction horizon (number of future samples to predict values of CV)
A time constant for reference trajectory

For multiple input, multiple output processes:
R number of CVs
S number of MVs
T number of DV

UNCONSTRAINED MPC FOR SISO PROCESSES
Process Model

Model predictive control begins by maintaining a sampled data step response model of the
process. Compare this with the first-order-lag plus dead-time (FOPDT) step response model
frequently used for feedforward and decoupling control. To obtain a FOPDT model, a step
change is made to the process input, the response is observed then approximated with three
parameters, representing process gain, dead time, and time constant. With MPC, all of the
sampled data collected as a result of the step testing is retained in a series of memory locations;
this data is called a “vector.” For example, in Figure 1, the sequence of values (p;, p,, --- ,pn).
resulting from a step input change of one unit would be retained as the step response model; this
data vector is called p in equation 1.

Pi

p = pz (1)

PN

Note that this technique is as valid for irregular responses shown in Figure 2 as is it for the well
behaved process shown in Figure 1. Also note that for a self-regulating process, the response
reaches an equilibrium where there is no further change in the sampled values. Hence, only a
finite number of samples need to be retained. With commercial packages, N can be as small as
30 or as large as 120.

Note also that if the step input change is something other than one unit, the data should be
normalized so that it represents the response that would result from a one unit input change.

Finally, note that what we have called “process input” may in fact be a set point change to a
lower level controller, such as a flow controller. In this case, we would be considering the flow
loop merely as a part of the process.
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Figure 2
Step Response Model for Irregular Processes
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While the procedure described above is valid in concept, in actual practice a more elaborate
procedure may be employed for obtaining the step response model. For instance, the data may be
prefiltered, there may be a series of alternate direction steps of varying lengths, etc. Once such
test procedure is called a pseudo-random binary test sequence. This phase is called the
“identification” phase, and may be a proprietary procedure for a particular commercial package.

Prediction

For the next step in our exposition, let us assume that during some sample and control period, we
know the current value of the CV; call this x,. Furthermore, assume that we also have a sequence

of values, (fc 105 X205 05X N,o) , or collectively as vector g, . This represents our current

prediction of what the CV will be for the next N sample periods, based upon prior values of the
process input, and also with the assumptions that there will be no further changes in process
input nor disturbances to the process. The maximum index, A, is the number of sample values in
our step response model. This is called the “prediction horizon.”

< PAST — R S ; — FUTURE >
Predicted future values of CV,
based upon no further controller _ 4
output change /.;;F*“'XN et
CONTROLLED —-.-—--"’f.’xi Xy
VARIABLE Past values of CV 1% Ai‘ % K-1
(CV) A%, 2
Present value of CV
5 4 -3 -2 4 0 1 2 3 K-1 K N N+1
NOW
CONTROLLER
QUTPUT Past values of MV
(MV) ‘I_l_l_ Present and future values of MV
5 -4 -3 -2 41 0 1 2 3 K-1 K N N+1

SAMPLE INSTANTS

Figure 3
Predicted Profile, Based Only On Prior Control Moves

Suppose also that we know the next K controller output moves (changes in the MV) we intend to
make. (Go along with us on this; don’t worry about how we happen to know. Later on, we will
see how these moves are determined. For now, just “suppose we know ....”) Call this sequence

of moves (Am(), Amy, -, Amg_; ) , or collectively as vector Am . K is called the “control

horizon;” K is much less than N, perhaps 1/3 of N.
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Figure 4
Modification of Predicted Profile by Current and Future Controller Moves

Each control move that is made will change our prediction of the future profile of the control
variable. This is depicted by Figure 4, and shown by equation 2. By the principle of
superposition, the change to the predicted profile will be the magnitude of the control move
times the step response vector. (Recall that the step response vector is the step response to a
process input change of 1 unit.) For the control horizon, the predicted values of CV are given by:

Xk = X9 + piAmy
Xpk = X209 + prAmy + piAmy
X3x = X309 + p3Amy + pyAm; + pjAmg
D= : ()

fK,K = )%K,O + pKAmo + pK_]AmI + ... + pIAmK_I

)%N,K = )%N,O + pNAmO + pN_]AmI + ...+ ... +pN_K+1AmK_]

Equation 2 can be written in expanded vector-matrix notation, as shown in equation 3, or in
compact vector-matrix notation as shown by equation 4'.

! Readers unfamiliar with vector-matrix notations can consult any number of textbooks on this subject.
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Gk | [Ee] [proo0 0 - 0 ]
XK X20 p2 p 0 - 0 || Amy ]
X3 K X3 ps P2 Dy 5 Am;

: = : |+ : : : Amy, 3)
3K$f fKﬂ Pk Pk-1 b2 pPi ;

. . : : . AmK—]
_%mK_ _fNﬂ_ PN PN-1 7 " PN-K+1_

Xk = X9 + PAm 4)

Calculation of Control Moves

We will now address the question of determining the current and future control moves. We
assumed previously that we knew the control moves, hence we could correct the predicted
profile of the control variable. If this were true, and if we knew the set point during the
prediction horizon, as shown in Figure 5, then we could also predict the error values after K

control moves in the future. Call the sequence of error values (él K€K " HeN K ) , or

collectively as the vector €y .

< FUTURE. >
o~ —~ eK — A= —
~ | & ek _A*S | . %
Z Y/o"" 4’»‘\}5'1.2/ Xk En .
SPly— L Ry Y HaY — ¥
8 273, Predicted future values of CV

e ; % X and error, based upon future
controller output changes

Present value of CV

1 0 1 2 3 K-1 K N N+1

Figure 5
Predicted Error Profile

gK = Xspi — XK

Hence,
XSP — )A(K

53
=
Il

= Xgp — )’\(0 — PAm
& - PAm (5)

where ey = Xgp — X
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To calculate the control moves, we will minimize a cost functional, .J, which is one-half of the
sum of squares of the predicted errors.

1. T,
= —e e 6
2K K (6)

After incorporation equation 5, this becomes:

J =%|:é0T— AmTPT:H:éQ — PAm:|

= % ¢ ¢y — & PAm + % Am"PTPAm (7)

The usual minimization procedure is to set the derivative to zero, hence:

oJ
8Am0
oJ
oJ

—— = | OAmy
OAm

oJ
| OAmyg_; |

PTPAmM - PT¢, (8)

Set the right hand side of this equation to zero and solve for Am:
Tp ! pTs
Am:[P PJ PTe, 9)

The matrix P is tall, slender matrix (size NXK) and cannot be inverted, but [PTP} is a square

matrix (KXK), hence, in general, can be inverted. The matrix P is determined initially by the
process model, equation 1.

Inversion of [PTP} is not required at each control sample period but only at the time P is

-1
determined. In fact, the entire matrix manipulation, [PTPJ pT , can be performed at that time.

Furthermore, let matrix W be a KXN matrix, defined by
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W = [PTPTI pT (10)

Matrix W is comprised of a series of K row vectors, each of N elements:

— WIT —>
T
- W -
W = 2
|~ WKT -

The current control move to be made, Amy, is calculated using only the top row, [WI]T ,of W,
T A
Amo :[Wl] €0 (11)

The other control moves, Am;, Am,,---,Amy_; are not required, since after making the control

move and correcting the predicted profile, we are going to step forward one sample period and
repeat the procedure. This further reduces the computation burden at each calculation step.

The astute reader will observe that there are several missing ingredients in the development thus
far:

Feedback has not been utilized;

No provisions for controller tuning have been presented;

Furthermore, there has been no utilization of the knowledge of measurable disturbances.
These omissions will now be corrected.

Incorporation of Feedback

After making the control move calculated by equation 11, the predicted profile must be
corrected. This corrected profile includes a prediction of the value of the control variable at the
next sample instant, X;. Once we have advanced to the next sample instant, that prediction

becomes the prediction of the value of the control variable at the present time, X, . The actual

value of the variable, x,, and the difference between the actual and predicted values is calculated:
Axy = xp— X (12)

The entire profile, including the predicted current value, is then shifted by this difference, as
shown in Figure 6.

Fori =1,2,--,N R« & + Ay (13)
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where “«” means “replaced by.” Academic research shows that this step is equivalent to adding
an integrator into the control loop, thus assuring that the process variable will eventually come to
set point.

_ FUTURE >
Predicted future values o o .o
of CV bgfore adjustment ‘;;m R | Xy
J 2
. R e 8
Predicted presgnt o.. X2 *3___./ "SEK_1 X | XN
oV value of CV| =~ X1 e %,
ax, A 1%o & "2 Predicted future values
Yk of CV after adjustment
a
\o—/JA ual present
value of CV
2 -1 0 1 2 3 K-1 K N
NOW
Figure 6

Incorporation of Feedback
Tuning

There are two common techniques for tuning MPC. Some commercial systems use one or the
other; some use both. These techniques are:

Move suppression
Reference trajectory

Other design parameters that have an effect on performance, hence could be considered as tuning
parameters include the sample time, the prediction horizon (N sample periods) and the control

horizon (K sample periods).

Move Suppression.

With this technique, the cost functional J, given by equation 6, is augmented by the weighted
sum of squares of the control moves.

(Z K +Zq,Am ] (14)

1. TaA 1 T

=—€er e + —Am QAm

y 6K ek T AmQ

=%[e0 AmTPTJ[ ey — PAm} +%AmTQAm

= %eOTeO - eOTPAm + ;AmT [PTP+Q}Am
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Equations 15, 16, and 17 are analogous to equations 8, 9 and 10:

oJ
8Am0
oJ
oJ

—_ = 8Am1
OAm

- [PTP+Q}Am — PTq,

oJ
_8AmK_] |

-1
Am:[PTP+Q} PTe,

-1
wz[PTP+Q} pT

Note that equation 11 is still applicable for the calculation of Am,.

Technical Overview

(15)

(16)
(17)

In practice, the g; weights in equation 14 are usually selected to be the same value, ¢, thus
leading to a single tuning parameter for move suppression. A larger value of ¢ will lead to a

more conservative controller.

Reference Trajectory

A reference trajectory for exponential return to set point from the present value is established by
the specification of a time constant, 4. Pseudo-set point values are the values of this reference
trajectory at the future sampling instances, using equation 18. The error vectors used in equation
6 or 14 are the differences between these pseudo-set point values and the predicted values for the
PV. This technique provides an additional parameter for tuning; a small value for 4 will cause the
controller to be aggressive; a larger value will result in a more conservative controller.

Xspi = (xSP—xO)(l—exp(—iAT/X))

A

FUTURE

,’E >
%, Ng L
. ’)‘(\K1 ’K. A ! A
X3 - — % 4
SPI—— =%, e T ==
Cv o SV Ay AR & En
x;/ wri¥| & !
Presgnt value | 7~ " €3 Reference Trajectory
of CD# 4
XD
< A
-1 0 1 2 3 K-1 K N N+1

(18)
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Reference Trajectory for Return to Set Point

Incorporation of Feedforward Control

If there is a measurable disturbance, then a unit step response model is determined for the effect
of this disturbance on the process variable, similar to Figure 1. This disturbance model is

characterized by a sequence of values, (d 1,dy, e, d N) , or collectively by the vector, d. At the

beginning of each calculation cycle, the disturbance variable is measured, and the change in the
disturbance since the last sample instant, Au, is determined. Then the predicted profile is
corrected to account for this change. Equations 19, 20 and 21 are modifications of equations 3, 4

and 5 to incorporate this feature. The vector €, can then be used in equation 9 or 16 to compute

the control moves.

ETdBEY d; pr 0 0 - 0
XK X20 d; P prr 0 - 0 | Amy ]
X3 X3 d3 Ps P2 P ; Am;
0 I N P o am | a9
XK.K XK.0 dg Px  Pk-1 P2 Pi :
' : : : Ampg
vk | [Knvo]  ldw PN PnN-1 " PN-K+1]
Xk = Xy + dAu + PAm (20)
& = Xgp — Xg — dAu @1)

Summary Diagram

A diagram showing in detail the computations made in one calculation cycle and the effect on
the memory locations holding the data vector x is shown in Figure 8. This diagram starts with the
status of % at the end of one calculation cycle, then proceeds to the beginning of the next
calculation cycle and on through the completion of that cycle.
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Figure 8.
Stored Values and Computation During a Typical MPC Sample and Calculation Cycle.
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UNCONSTRAINED MPC FOR MIMO PROCESSSES

Conceptually, it is a simple matter to scale up from the single-input, single-output process used
in the previous development to a process with multiple inputs, multiple outputs and multiple
disturbances, as shown in Figure 9.

DISTURBANCE

VARIABLES
(DVs)
MANIPULATED ' ] o
%, CONTROLLED
VARIABLES 27, | PROCESS —) ® "VARIABLES
(MVs) . . (CVs)
ms—)' —)‘XR
Figure 9

Multiple-Input, Multiple-Output Process.
In this section, we shall assume that

R = number of CVs
S = number of MVs
T = number of DVs

In practice, R may equal S; that is, the process control system may be “square” system. We will
continue to let K represent the number of sample instances in our control horizon, and N the
number of sample instances in our prediction horizon.

From each MV to each CV there will be a step response model similar to Figure 1. (Some may

be null; that is, not every MV will affect all of the CVs.) These models are designated p;;, where

subscript “i”” represents “to CV” and subscript “/”” represents “from MV”. Hence

Pij1

Fori=1,..Rj=1,..5 p; =2 (22)

| Pij.N |
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Pij 1 0 0o - 0
Pij2  Pil 0 - 0
Pij3  Pii2  Pijl :
and Py = | : C (23)
Pijk  PijK-1 Pij1
PN PynNa1 0 PiN-K+ |

From each DV to each CV there will be a similar step response model (some may be null),

designated d;;, where subscript “i”” represents “to CV” and subscript “k” represents “from DV™.

dik 1
o B dik 2
Fori=1,...R;k=1,....,T d;, = : (24)
dik N
Vectors representing the current values and predicted profiles of the CVs are:
X 10 Xi1.K
X; X
Fori=1,..,R I xig =| K (25)
)ei,N,O X N.K
Vectors representing future control moves are
_ Amj’() _
. Am] 1
Forj=1to S Am; = ’ (26)
LA k-1 |

Using these definitions, the predicted profile for each of the CVs is given by the following
equation:

T S
Fori=1toR Xixk = X0 + ZdikA”k + zPijAmj (27)
P =i

Now define the following “super vectors” (vector of vectors) and “super matrix” (matrix of
matrices). (The size of each vector or matrix is indicated.):
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X,k
. X2k
XRK
(RNX1)
P, Pp
P =

Py Py

Pr; Pro
(RN X SK)

15 Technical Overview
5(1,0 Au] Aml
g = | 2 pu = |2 Am = | 4™
(RN X 1) (Tx 1) (SK x 1)
P/s d;; djp d;r
. d d :
p = | ¢ :22
Prs dp; dp; drr
(RNxT)

Analogous to equations 20 and 21 we have:

f(K = f(o + DAu + PAm

éO = XSP — f(o — DAu

(28)

(29)

After minimizing the sum of squares of the errors, the vector of current and future control moves

is given by:

where

Am = Weo

W= [PTP+QT1 pT

(30)

(1)

Note that not every element of Am needs to be computed; only the current move for each of the
MVs is required. Therefore we can compute:

Forj=1to S

Ta
Amj’o = WJ eo

where w jT is the jth row vector of the matrix W.

CONSTRAINED MPC

(32)

In real-world applications, there will be constraints on process variables, manipulated variables
and auxiliary variables. There may also be constraints on the rate of change of these variables.
Furthermore, some of the constraints may be hard constraints; others may be soft constraints.
Hard constraints are established by physical limits. Examples of hard constraints are valves
which cannot go beyond saturation limits or controllers whose set point cannot be moved outside
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the measured range. Soft constraints are based process design, equipment limits and safety
considerations. As long as there is a feasible solution (i.e., an operating point) that satisfies all
constraints, then hard and soft constraints can be treated equally. However, there may be no
feasible solution which satisfies all constraints simultaneously. If these if some of these limits are
soft constraints, then one strategy is to permit violation of each of the soft constraints by a small
amount. But rather than leave it up to the process operator to make an ad hoc decision as to how
much each constraint can be violated, it may be preferable to have a “graceful violation” of each
limit in a planned fashion (perhaps up to some other hard limit).

First, assume that there is a feasible solution which will satisfy all the constraints. The objective
will be to minimize the functional J, subject to constraints:

min J =l( éle + AmTQAm)
- 2
XL
Subject to: M

NN A
5
IN A IA

Xy
My (33)
Yy

=
>

where y refers to the predicted value of auxiliary variables and the subscripts “L” and “U” refer

to lower and upper limits for each class of variable. If there are rate of change limits, these
should also be included in the constraint set.

A problem of the type described by equation 33 is called a “quadratic programming” (QP)
problem. There are standard iterative techniques for solving problems of this type; most MPC
vendors include a QP solver within their software package.

Another abnormal condition is when there are fewer MVs than there are CVs. There are not
enough degrees of freedom to control all of the CVs to their set points. In this case, one possible
strategy is to assign priority variables (between 0 and 1) to each of the CVs. Those with a higher
priority will be controlled closer to their set points.



